Abstract. We consider the 3-manifold invariant I(M) which is defined by means of the Chern-Simons quantum field theory and which coincides with the Reshetikhin-Turaev invariant. We present some arguments and numerical results supporting the conjecture that, for nonvanishing I(M) , the absolute value | I(M) | only depends on the fundamental group π 1 (M) of the manifold M . For lens spaces, the conjecture is proved when the gauge group is SU(2) . In the case in which the gauge group is SU(3) , we present numerical computations confirming the conjecture.
Introduction
Recently, new 3-manifold invariants [1, 2] have been discovered; the algebraic aspects of their construction, which is based on the structure of simple Lie groups, are well understood [3, 4, 5, 6, 7, 8, 9] . However, the topological meaning of these invariants is still unclear. Let us denote by I(M) the invariant of the 3-manifold M which is closed, connected and orientable; I(M) is the invariant defined by means of the Chern-Simons quantum field theory [1, 9] and coincides with the Reshetikhin-Turaev invariant [2, 3] . In general, it is not known how I(M) is related, for instance, to the homotopy class of M or to the fundamental group of M . In this article we shall formulate the following Conjecture: for nonvanishing I(M) , the absolute value | I(M) | only depends on the fundamental group π 1 (M) .
In the absence of a general proof, we shall verify the validity of the conjecture for a particular class of manifolds: the lens spaces. There are examples of lens spaces M 1 and M 2 with the same fundamental group π 1 (M 1 ) ≃ π 1 (M 2 ) which are not homeomorphic; for all these manifolds, we shall prove that (for nonvanishing invariants) | I(M 1 ) | = | I(M 2 ) | when I(M) is the invariant associated with the group SU(2) . In the case in which the gauge group is SU(3) , we will present numerical computations confirming the conjecture. Our results are in agreement with the computer calculations for SU(2) of Freed and Gompf [10] and the expression of the SU(2) invariant obtained by Jeffrey [11] . Differently from [10] and [11] , our approach is based exclusively on the properties of 3-dimensional Chern-Simons quantum field theory. We shall use general surgery rules to compute I(M) and, in our construction, invariance under Kirby moves is manifestly satisfied.
Our notations and conventions are described in section 2. The expression of the invariant I(M) for a generic lens space is derived in section 3 and, for the gauge group SU(2) , the validity of our conjecture is proved in section 4. The numerical computations for the group SU(3) are reported in section 5 and the conclusions are contained in section 6.
Surgery rules
The basic ingredient in the construction of the 3-manifold invariant I(M) is a polynomial invariant E(L) for oriented, framed and coloured links { L } ⊂ S 3 . In the Chern-Simons field theory, this link invariant is defined by the expectation values of the Wilson line operators [1] ; each link component is framed and its colour is given by an irreducible representation of a simple compact Lie group which is called the gauge group. For example, when the gauge group is SU(N) and each link component has colour corresponding to the fundamental representation of SU(N) , E(L) is determined by the skein relation [1, 12] 
where q = exp(−i2π/k) is the deformation parameter and k is the renormalized coupling constant of the Chern-Simons field theory. The standard skein-related links L + , L − and L 0 correspond to a configuration with over-crossing, under-crossing and no-crossing respectively. Moreover, under an elementary ±1 modification of the framing of a link component, E(L) gets multiplied by the factor q ±(N 2 −1)/2N . Finally, the factorization property [1, 12] which holds for the distant union of links fixes the normalization of the unknot with preferred framing
In general, the colour which characterizes one link component is an element of the algebra T which coincides with the complex extension of the representation ring of the gauge group. The sum operation in this algebra extends by linearity to E(L) ; whereas the product operation in the colour algebra T simply corresponds to the satellites obtained from the companion links by standard cabling [6, 13] . For unitary groups, the fundamental skein relation (1), the normalization (2) of the unknot and the correspondence between cabled components and higher-dimensional representations of the gauge group uniquely determine the values of the link invariant E(L) for arbitrary coloured link components. Let us denote by L 1 #L 2 [ρ] the connected sum of the links L 1 and L 2 in which the component which connects these two links has colour given by the irreducible representation ρ of the gauge group. From the properties of the Chern-Simons field theory it follows that [1, 13] 
where E 0 [ ρ ] is the value of the unknot with preferred framing and colour ρ .
For integer values of the Chern-Simons coupling constant k ( k = 1, 2, 3, ... ), the set of vanishing link invariants defines an ideal I k of T . Thus, for fixed integer k , the colour states belong to the algebra [13] of the equivalence classes
Usually, T (k) is of finite order [14] and, for appropriate values of k , T (k) is isomorphic with the Verlinde algebra [15] which is determined by of the fusion rules of certain twodimensional conformal models [1] . We shall now concentrate on T (k) when the gauge group G is SU(2) [13] or SU(3) [16] . For G = SU(2) and k = 1 , T (1) is isomorphic with the group algebra of Z 2 , which is the center of SU(2) . For G = SU(2) and k ≥ 2 , the ideal I k is generated by the representation with J = (k − 1)/2 and T (k) is of order (k − 1) . For G = SU(3) and k = 1, 2 , the algebra (4) is isomorphic with the group algebra of Z 3 , which is the center of SU(3) . For G = SU(3) and k ≥ 3 , the ideal I k is generated by the two irreducible representations with Dynkin labels (k − 1, 0) and (k − 2, 0) ; in this case,
We shall denote by { ψ[ i ] } (with i = 1, 2, ..., dim(T (k) )) the elements of a basis in T (k) . When G = SU(2) and k ≥ 2 or when G = SU(3) and k ≥ 3 , each ψ[ i ] represents the equivalence class of an irreducible representation of the gauge group. For low values of k , ψ[ i ] corresponds to an irreducible representation of the gauge group up to a nontrivial multiplicative factor [13, 16] . The unit in T (k) will be denoted by ψ [1] ; ψ [1] is the class defined by the trivial representation.
Let us now consider the definition of the 3-manifold invariant I(M) . Each 3-manifold M , which is closed, connected and orientable, admits a surgery presentation [17] given by Dehn surgery on S 3 . Each "honest" [17] surgery instruction can be represented by a framed link L ⊂ S 3 with components { L b } with b = 1, 2, ... . The surgery link L is not oriented and an integer surgery coefficient
The surgery link associated to the manifold M is not unique. Indeed, if the surgery links L and L ′ are related by a finite sequence of Kirby moves, the corresponding manifolds are homeomorphic [18] . Therefore, each 3-manifold M is characterized by a class of "equivalent" surgery links in S 3 , where "equivalent" links means links related by Kirby moves.
Let L ⊂ S 
where the sum is performed over all the elements { ψ[ i ] } of the basis of T (k) . The coefficients { E 0 [ i ] } coincide with the expectation values of the unknot with preferred framing and colour ψ[ i ] . When the gauge group G is SU(2) , a k is given by [13] 
whereas, when G = SU(3) , one has [16] 
We shall denote by σ(L) the signature of the linking matrix associated with L ; σ(L) does not depend on the choice of the orientation of L . Let us define the function I(L) by means of the relation [2]
where, for G = SU(2) , the phase factor e iθ k is [2, 13] 
and, for G = SU(3) , the phase factor is [16] 
It can be verified [2, 3, 13, 16] that I(L) is invariant under Kirby moves and then it represents a topological invariant for the 3-manifold M . In what follows, we shall denote this invariant by I(M) . It should be noted that the multiplicative phase factor in (9) is not a matter of convention (or choice of framing); the presence of the term exp [ i θ k σ(L) ] in (9) guarantees the invariance of I(L) under Kirby moves. According to the definition (9), the normalization of the 3-manifold invariant I(M) is fixed by I(S 3 ) = 1 . In order to compare I(M) with the expressions obtained in [10, 11] , we need to produce the relation between the link invariants and the representation matrices of the mapping class group of the torus.
Figure 1
Let us consider the Hopf link in S 3 , shown in Figure 1 ; let the two link components C 1 and C 2 have preferred framings and colours ψ[ i ] and ψ[ j ] respectively. The associated Chern-Simons expectation value is denoted by
The complex numbers { H ij } where i, j = 1, 2, ..., dim(T (k) ) can be understood as the matrix elements of the so-called Hopf matrix H . Note that H is symmetric and
Let Q(i) be the value of the quadratic Casimir operator of the irreducible representation of the gauge group which is associated with an element of the class ψ[ i ]. One can show [14] that the matrices
give a projective representation of the modular group
This representation is isomorphic with the representation obtained in two-dimensional conformal field theories [1] ; X corresponds to the S matrix of the conformal models and Y is the analogue of the T matrix.
Lens Spaces
Lens spaces, which are characterized by two integers p and r , will be denoted by
. Thus, we only need [17] to consider the case in which p > 1 and 0 < r < p ; moreover, r and p are relatively prime. The lens spaces L p/r and L p ′ /r ′ are homotopic if and only if |p| = |p ′ | and rr ′ = ± quadratic residue (mod p) . Consequently, one can find examples of lens spaces which are homotopic but are not homeomorphic; for instance, L 13/2 and L 13/5 . One can also find examples of lens spaces which are not homeomorphic and are not homotopic but have the same fundamental group; for instance, L 13/2 and L 13/3 .
One possible surgery instruction corresponding to the lens space L p/r is given the unknot [17] with rational surgery coefficient (p/r) . From this surgery presentation one can derive [17] a "honest" surgery presentation of L p/r by using a continued fraction decomposition of the ratio (p/r)
where
The new surgery link L corresponding to a "honest" surgery presentation of L p/r is a chain with d linked components, as shown in Figure 2 , and the integers {z 1 , z 2 , · · · , z d } are precisely the surgery coefficients.
Figure 2
According to the definition (9), the lens space invariant is given by
The link of Figure 2 can be understood as the connected sum of (d − 1) Hopf links H , i.e. L = H#H · · · #H . Therefore, by using equation (3), expression (17) can be written as
In terms of the generators (13) of the modular group, one finds
where [ F (p/r)] 11 is the element corresponding to the first row and the first column of the following matrix
The invariant I(L p/r ) given in equation (19) is in agreement with the expressions obtained in [10, 11] apart from an overall normalization factor.
The SU(2) case
In this section, we shall compute I(L p/r ) for the gauge group G = SU(2) . Then, we will show that in this case our conjecture is true; i.e. when I(L p/r ) = 0 , the absolute value | I(L p/r ) | only depends on p . For k ≥ 2 , the standard basis of T k is { ψ[ j ] } ; the index j represents the dimension of the irreducible representation described by ψ[ j ] and 1 ≤ j ≤ (k − 1) . The matrix elements of X and Y are
with
When k = 1 , one has
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The algebra T 1 is isomorphic with T 3 and it is easy to verify that
Therefore, we only need to consider the case k ≥ 2 . In order to compute I(L p/r ) , we shall derive a recursive relation for the matrix (20) ; the argument that we shall use has been produced by Jeffrey [11] in a slightly different context. In fact, our final result for I(L p/r ) is essentially in agreement with the formulae obtained by Jeffrey. Since in our approach the invariance under Kirby moves is satisfied, our derivation of I(L p/r ) proves that the appropriate expressions given in [10, 11] really correspond to the values of a topological invariant of 3-manifolds.
Let us introduce a few definitions; with the ordered set of integers {z 1 , z 2 , · · · , z d } one can define the following partial continued fraction decompositions
where 1 ≤ t ≤ d . The integers α t and γ t satisfy the recursive relations
and, clearly, α d /γ d = p/r . Finally, let F t be the matrix
by definition, one has F d = F (p/r) .
Lemma 1
The matrix element (F t ) mn is given by
where s(m, k, |α t |) stands for the sum over a complete residue system modulo (2k|α t |) with the additional constraint s ≡ m (mod 2k) .
Proof
The proof is based on induction. First of all we need to verify the validity of equations (29) and (30) when t = 1 . In this case, from the definition (28) one gets
Since the sum (31) covers twice a complete residue system modulo k , i.e. 1 ≤ s ≤ 2k , a multiplicative factor 1/2 has been introduced in (31). The change of variables s → −s shows that the last two terms in (31) are equal to the first two terms. Therefore, equation (31) can be written as
At this point, one can use the reciprocity formula [19] reported in the appendix and one gets
By introducing the new variable s = 2kv + m , one finds that in equation (33) the variable s covers a complete residue system modulo (2k|z 1 |) with the constraint that s ≡ m (mod 2k) . Therefore, equation (33) can be written in the form
This confirms the validity of equation (29) when t = 1 . In order to complete the proof, suppose now that (29) is true for a given t ; we shall show that (29) is true also in the case t + 1 . Indeed, one has
From equation (29) one gets
Again, the last two terms can be omitted provided one introduces a multiplicative factor 2 . Moreover, because of the constraint v = s (mod 2k), one can set v = s , thus
8 By using the reciprocity formula, one obtains the final expression for (F t+1 ) mn
In terms of the variable s = 2kv + m , equation (38) can be rewritten in the form (29) and this concludes the proof. ♠ From the definition (19) and Lemma 1 it follows Theorem 1 Let SU(2) be the gauge group, the 3-manifolds invariant I k (L p/r ) for k ≥ 2 is given by
Proof According to equation (19) , the expression for the matrix element [ F (p/r)] 11 has been written by means of a sum over a complete residue system modulo p . ♠ As shown in equation (39), the expression for I k (L p/r ) is rather involved; nevertheless, | I k (L p/r ) | 2 can be computed explicitly. Let us introduce the modulo-p Croneker delta symbol defined by
where p and x are integers. One can easily verify that, for integer n ,
Finally, we shall denote by φ(n) the Euler function [20] which is equal to the number of residue classes modulo n which are coprime with n .
Theorem 2
The square of the absolute value of I k (L p/r ) is given in the following list ; for p = 2
for p > 2 one has : when p and k are coprime integers, i.e. (k, p) = 1 ,
when the greatest common divisor of p and k is greater than unity, i.e. (k, p) = g > 1 and p/g is odd
when (k, p) = g > 1 and p/g is even
Proof From Theorem 1 it follows that the square of the absolute value of the lens space invariant is
The indices s and t run over a complete residue system modulo p . When p = 2 , each sum contains only two terms and the evaluation of (47) is straightforward; the corresponding result is shown in equation (42). Let us now consider the case in which p > 2 . By means of the change of variables s → s + t , the sum in t becomes a geometric sum and one obtains
By using properties (41), one can determine the values of s which give contribution to (48). Let us start with (k, p) = 1 . Clearly, in this case one has
When (k, p) = 1 and p is odd, one gets
The delta gives a non-vanishing contribution if and only if the following congruence is satisfied rks = ±1 (mod p) .
The unique solution [20] to (51) is given by
When (k, p) = 1 and p is even, one finds two solutions
Let us now examine the case (p, k) = g > 1 . We introduce the integer β defined by p = gβ . For β odd, one has
Within the residues of a complete system modulo p , the values of s giving nonvanishing contribution are of the form s = αβ with 1 ≤ α ≤ g . When β is even, one gets δ p (2krs) = δ β (2s) = δ β/2 (s) .
The solutions of the associated congruence are
When (k, p) = g > 1 and p is odd, δ p [2r(ks ± 1)] does not contribute because rks = ±1 (mod p) has no solutions. On the other hand, if p is even we have
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The delta function (57) is non-vanishing when (p/2, k) = 1 and, in this case, the two solutions are s 1 = ±(rk) φ(p/2)−1 and s 2 = s 1 + p/2 . This exhausts the analysis of the modulo p Croneker deltas when p > 2 . At this stage, Theorem 2 simply follows from the substitution of the values of s for which the various Croneker deltas modulo p are non vanishing. In the case (k, p) = 1 and p odd, the algebraic manipulations are straightforward. When (k, p) = 1 and p even, the evaluation of (48) needs some care. In this case, one has to deal with factors of the form exp
with b > 2 even and (a, b) = 1 . In appendix B, it is shown that terms of the type (58) are trivial because actually
Finally, the derivation of equations (44) and (45) 
Similarly, when expression (45) is different from zero, its value is given by
To sum up, when I(L p/r ) = 0 , | I(L p/r ) | 2 only depends on p and, therefore, it is a function of the fundamental group π 1 (L p/r ) = Z p . Thus, Theorem 2 proves the validity of our conjecture for the lens spaces when the gauge group is SU(2) .
The SU(3) case
In this section we shall present numerical computations confirming the validity of our conjecture for lens spaces when the gauge group is SU(3) . As in the SU(2) case, the SU(3) Chern-Simons field theory can be solved explicitly in any closed, connected and orientable three-manifold [16] . The general surgery rules for SU(3) and for any integer k have been derived in [16] . In particular, it turns out that
Therefore, we only need to consider the case k ≥ 3 . For k ≥ 3 , the matrices which give a projective representation of the modular group have the following form
where each irreducible representation of SU (3) has been denoted by a couple of nonnegative integers (m, n) (Dynkin labels). By using equation (18), we have computed I k (L p/r ) numerically for some examples of lens spaces. In particular, we have worked out the value of the invariant for the lens spaces L p/r , with p ≤ 20 and 3 ≤ k ≤ 50 . In all these cases, the results are in agreement with our conjecture. Our calculations have been performed on a Pentium based PC running Linux. For instance, the results of the computations for the cases Tables 1, 2 
Conclusions
In this article, we have presented some arguments and numerical results supporting the conjecture that, for nonvanishing I(M) , the absolute value | I(M) | only depends on the fundamental group π 1 (M) . Since the Turaev-Viro invariant [21] coincides [3] with | I(M) | 2 , our conjecture gives some hints on the topological interpretation of the Turaev-Viro invariant. For the gauge group SU(2) , | I(M) | 2 can be understood as the improved partition function of the Euclidean version of (2+1) gravity with positive cosmological constant [22, 23] . In this case, our conjecture suggests that, for instance, the semiclassical limit is uniquely determined by the fundamental group of the universe.
Finally, one may ask for which values of k the equality I k (M) = 0 is satisfied and what the meaning of this fact is. The complete solution to this problem is not known. From the field theory point of view, gauge invariance of the factor exp (iS CS ) (where S SC is the Chern-Simons action) in the functional measure gives nontrivial constraints on the admissible values of k in a given manifold M . In certain cases [9] one finds that, in correspondence with the "forbidden" values of k , the invariant I k (M) vanishes. So, it is natural to expect that I k (M) = 0 is related to a breaking of gauge invariance for large gauge transformations. 
where the integers a, b, c satisfy the relations
Appendix B Lemma 2 Let a, b two integers, with (a, b) = 1 and b > 2 even; one has
Proof
The proof consists of two parts: firstly, it is shown by induction that Lemma 2 holds when b = 2 m with m > 1 integer. Secondly, equation (68) is proved when b = 2 m c with m ≥ 1 and c odd integer.
Since b is even, a is clearly odd and can be written in the form a = (2f + 1) . When b is of the type b = 2 m , the condition b > 2 implies that m ≥ 2 . Let us now consider the case m = 2 ; one has φ(b) = φ( 2 2 ) = 2 , therefore
Thus, Lemma 2 is satisfied when b = 2 2 . Suppose now that equation (68) holds when b = 2 n for a certain n . We need to prove that (68) is true also for b = 2 (n+1) . Indeed, φ(2 n+1 ) = 2 n and one gets
14 By using the induction hypothesis
one finds
Therefore, equation (68) is also satisfied when b = 2 (n+1) . To sum up, for m > 1 and a odd, one has
Let us now consider the general case in which b = 2 m c with c odd integer. From Euler Theorem [20] it follows that
On the other hand, φ(2 m c ) = φ(2 m )φ(c) and, for m > 1 , equation (73) implies
Since (2 m+1 , c) = 1 , from equations (74) and (75) one gets
Finally, we need to consider the case b = 2 c . Since φ(c) is even, one gets
Equations (73) and (77) imply
This concludes the proof. ♠ 
